The control of thermal conductivity through coherent and incoherent phonon scattering in 2-dimensional phononic crystals by incorporating elements of selfsimilarity Applied Physics Letters, 115: 213903 https://doi.org/Abstract In this letter, we report the theoretical study on phonon transport in monocrystalline silicon thin-film having unfilled or metal-filled circular holes (i.e., phononic crystals, PnC) and show that the thermal conductivity, at 1 K can be maximally reduced by using multi-scale structure which accords us control over the porosity of the structure. The circular scatterers are placed in the square (SQ) and hexagonal (HX) pattern with fixed 100 nm inter-hole spacing and the pit diameter is varied between 10 -90 nm. Each of the corresponding silicon PnC show reduced compared to the unpatterned film. The SQ-PnC having tungsten-filled pits shows the greatest reduction in when we consider only the effects of coherent scattering. Further, we have computed for the PnC where the unit cell, of 100 nm and 500 nm sizes, comprises the Sierpinski gasket (SG) with circular holes of different diameters (depending on the fractal order) in the same cell. It is observed that the for the 2 nd (100 nm cell) and 3 rd order (500 nm cell) SG-PnC are comparable to the SQ-and HX-PnC with pit diameters of 90 nm. When we add the effect of the diffuse boundary scattering in , there is a lowering in compared to that when only the coherent effects are considered. The additional -reduction due to boundary scattering for the SQ-PnC and HX-PnC (both with 90 nm dia.)
A two-dimensional phononic crystal (PnC) is a periodic arrangement of elastic-wave reflection sites in a planar host material. The elastic-wave packets are the low frequency phonons that comprise a major contributor in transporting thermal energy from point to point in a solid crystalline material. Each scattering site constitutes a finite discontinuity in the host material either due to its complete removal or replacement with materials having a different mass density and/or different crystalline phase with different elastic properties. The wave scattering results in a modification of the allowed frequencies of the phonons in the different directions of the artificial phononic crystal which in turn alters the thermal conductivity, of the host material. The use of two-dimensional PnC for the suppression of has been increasing not only for engineered thermoelectric materials [1] [2] [3] [4] [5] [6] , commonly referred to as 'holey silicon' [1] , but also for such applications where the sensitivity of chemical and temperature sensors need to be boosted [7, 8] , for low temperature thermal isolation for various sub-Kelvin applications in physics and astronomy [9, 10] , in thermal devices [11] and for heat guiding [12] . Irrespective of the targeted application area, there are two possible reasonings put forward for the observed reduction in the thermal conductivity. The interference of the phonon waves reflected from the periodically situated gaps specifically introduced in the material leads to a redistribution of the allowed phonon frequencies. This in turn changes the phonon group velocity and density of states. As a consequence, the is modified. The other reason often attributed to the -reduction is that the random scattering of the phonons from the rough surfaces reduces the phonon mean free path. However, the temperature range where the two different mechanisms are dominant have progressively been worked-out with the reports that the acoustic phonon dispersion relation can be modified by the elastic wave interferences, which is a coherent process, till temperatures of 10 K [13] . For higher temperatures, the effect of the periodic hole arrangement is not different from that of the random arrangement of the holes [13, 14] . The reason for this is that the order of the This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset. PLEASE CITE THIS ARTICLE AS DOI: 10.1063/1.5123311 surface roughness, being comparable to the thermal phonon wavelengths at the particular temperature, results in non-coherent diffuse scattering from the roughness. Recently, it has been theorized that the Akhiezer mechanism is responsible for the lack of coherent effects in thin film PnCs in the temperature range of 130 -300 K [15] . Quasi-ballistic transport was however reported in corrugated nanowires even at room temperature [16] . To be able to maximize the suppression in thermal conductivity it is attractive to be able to include both the coherent and incoherent scattering deterministically by the regular placement of the holes of a PnC. The arbitrary nature of the surface roughness leads to uncontrolled phonon scattering and is challenging to design in conformity with specifications. One of the ways to achieve control is to use the self-repeating patterns of a fractal [17] which not only yield coherent scattering but can maximize the incoherent boundary scattering as the multi-scale structure offers larger scattering surface.
This work presents the systematic study of the square, hexagonal and self-repeating lattice structures in their ability to suppress the thermal conductivity compared to the unpatterned single crystal silicon film at a temperature of 1K. In principle, the simulation model may be used for temperatures up to 10 K, where it was experimentally confirmed that the coherent effects are observable [13] .
The finite-element method has been used for modelling the low frequency phonons in the two-dimensional thin film of mono-crystalline (mc-) silicon where they are modelled by the propagation of elastic waves in linear homogeneous solid materials. Artificial holes or gaps are distributed in a periodic fashion in the thin film in either square (SQ) or hexagonal (HX) pattern. Since thin films of silicon show greatly suppressed due to enhanced interface scattering [18] , it is a practical choice to use thin films instead of bulk materials. The dispersion relation is obtained for the unit cell of the SQ and HX lattice along the boundaries of the first irreducible Brillouin Zone and the high symmetry points are denoted in the usual This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset. PLEASE CITE THIS ARTICLE AS DOI: 10.1063/1.5123311 Γ − − notation, as shown in the Figure 1 The effect of changing the hole diameter or 'neck' size, both indicated in Figure 1 (b) for the SQ lattice, is investigated when the separation between the pits are fixed at 100 nm. A third structure where the unit cell consists of multi-dimensional holes as shown in Figure 1 (c) is considered. The unit structure of Figure 1 (c), which is a Sierpinski gasket [19] (SG), shows the second order repetition of the circular pit. The symmetry of the SG structure is assumed to be similar to the SQ lattice and the unit cell is tiled in the x-and y-directions in the same way keeping the primary circular pits fixed 100 nm or 500 nm apart (two unit-cell sizes are considered).
The following elasticity matrix parameters have been used in the simulations, i.e., C11=165.6
GPa, C12=63.9 GPa and C44=79.5 GPa [20] . The temperature-dependent variation of the elastic constants of silicon [21] is small for the temperature range of interest and hence not considered for the purpose of the study. It was further verified that such variation does not lead to a significant effect on the degree of suppression of the thermal conductivity.
Considering that filling the holes with large mass difference materials will lead to enhanced scattering of the phonons [18] , the pits are likewise filled with iron and tungsten and compared to the multi-scale structure. The mass densities of mc-Si, tungsten and iron considered in the model are 2330 kg/m 3 , 19350 kg/m 3 and 7870 kg/m 3 [22] , respectively. It is seen from the mass density differences between mc-Si and the metals that the scattering due to tungsten filling is expected to be the highest while the iron filling may not lead to a remarkable degree of such scattering. The elastic matrix of W is C11=520 GPa, C12=200 GPa and C44=160 GPa while that of Fe is C11=237 GPa, C12=141 GPa and C44=116 GPa [22] . The This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset. The thermal conductivity, , is modelled by the Holland Callaway model [24] in the frequency domain by the expression, = The simulator had been validated against existing literature [25] to ascertain the accuracy of our simulation as compared to the more resource intensive model and comparable trends are observed (details in the supplementary document).
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At first, we consider the effect of only the coherent phonon scattering to determine the relative effectiveness of the three structures to impede the flow of heat at 1 K. In the interim when we ignore the boundary scattering, we find from Figure 2 Figure 3(a) . The intersection of the arrows with the porosity curves for the SQ and HX lattice shows the corresponding dimensions required to achieve similar porosity as the SG structures. The second order fractal, whose schematic is shown in Figure   1 (c), with holes of two diameters in a single unit cell, 33 nm (primary circle) and 11 nm (secondary circles), exhibits a higher porosity than what a SQ or HX lattice can achieve if they contain individual holes of diameters equal to the secondary or primary circles alone.
Thus, using multiple holes of different diameters within a single unit cell, the multiscale structure can achieve lower as can be perceived by using the Maxell-Eucken model. When we consider solely the coherent phonon scattering due to the incorporated circular pits, the second order SG-PnC offer lowering similar to the unfilled SQ and HX lattice of hole diameters ~ 70 nm. Using the SG-PnC instead of the SQ-or HX-PnC with larger hole diameter is thus advantageous since the mechanical strength of the SQ/HX-PnC is going to be less due to large portions of material removed (hence highly porous, Figure 3(a) ). On the other hand, more surface area is available for incoherent phonon scattering in the SG-PnC than the SQ-PnC for similar levels of porosity. Therefore, including the boundary scattering effect and re-evaluating the reduction is shown in Figure 3 when the incoherent scattering is additionally reckoned (of the light shadow bar-graph). In the latter case we note that even for the SQ and HX structure, the improvement is considerably more than earlier ~ 47% and 40% respectively for the PnC with 90 nm diameter holes. The second order SG structure with the additional incoherent effects, having a separation of 100 nm between the primary holes, produce a drastic blockage of thermal flow (better by 80%) when compared to the occasion where only the coherent effect is considered.
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It is further noted in Figure 3 (b) that for a bigger structure with a 500 nm hole-to-hole separation of the primary first order holes, the third order structure gives an even greater hindrance to thermal conduction due to the large surface scattering and has performance similar to the highly porous structure of 90 nm hole diameter SQ and HX lattice structure shows the thermal conductivity in the square and hexagonal lattice at 1 K temperature when considering only the coherent scattering at the inclusions versus when the phonon scattering at the boundary surfaces are included for these geometries. It is observed that the impact of
